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Models with one warped and two unwarped extra dimensions allow for the solution of a number of
open questions in particle physics. They can be used to solve the hierarchy problem in the same sense
as Randall-Sundrum extra dimensions, they incorporate the Randall-Sundrum approach to flavor,
and they generate a dark matter candidate via Kaluza-Klein parity in the flat extra dimensions. In
this paper, we examine the models AdS5 × T2 and AdS5 × S2, deriving the Kaluza-Klein spectrum
for fermions propagating in the bulk. While the toroidal model allows for a chiral zero mode, we
find that the positive curvature of the spherical model disallows all zero modes without further
modifications.
I. INTRODUCTION
Extra-dimensional models can be used to solve a
number of problems in particle physics. In particular,
Randall-Sundrum (warped) extra dimensions allow for a
natural generation of the Planck-weak [1] and fermion
mass [2] hierarchies, and orbifolded universal extra di-
mensions (UED) have a discrete symmetry, known as
Kaluza-Klein (KK) parity, that could produce a dark
matter candidate [3]. It is natural to look for ways to
combine these positive characteristics into a single model.
Gluing together multiple warped throats in a single extra
dimension can create a UED-like symmetry that gener-
ates a dark matter candidate [4], but it is also possible to
form a product space of warped and flat extra dimensions
in a way that combines the characteristics of Randall-
Sundrum and UED models. We examine the behavior of
fermions in a few realizations of this latter scenario.
II. WARPED EXTRA DIMENSION
The Randall-Sundrum (RS1) model of warped extra
dimensions can be used to generate a natural hierarchy
of scales between fixed points in the extra dimension. If
the theory has the metric
ds2 = e2krc|φ|ηµνdx
µdxν − r2cdφ2 (1)
(with ηµν = diag(1,−1,−1,−1) and φ ∈ (−π, π)), and
the Higgs boson is confined to the TeV brane, we find
that its effective mass parameter is naturally reduced by
a factor of e−krcpi, generating a weak-scale mass from a
fundamental mass of order 1019 GeV [1].
In the models we examine in this paper, all of the Stan-
dard Model particles except for the Higgs boson are al-
lowed to propagate in the extra dimension(s). For the
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5-dimensional case, this allows for the generation of a
large hierarchy in fermion masses from a small change in
fundamental parameters [2, 5]. Without some additional
symmetry breaking, however, we run into problems when
we try to obtain a chiral 4D fermion. In contrast to the
4D case, a Dirac spinor in 5D is vectorlike, meaning that
the ‘chirality’ matrix γ5 = iγ0γ1γ2γ3 does not project via
(1 ± γ5)/2 onto inequivalent two-component representa-
tions of the 5D Clifford algebra (of which there are none).
We can still carry out these projections, with the ultimate
aim of reinterpreting them as 4D Weyl spinors. How-
ever, there is nothing to distinguish these two-component
spinors in the fermion action, making it impossible to
have a 4D chiral theory.
This problem can be solved by orbifolding the extra
dimension. If we require the action to be invariant under
the Z2 parity transformation φ → −φ, it turns out that
the two ‘Weyl’ spinors must have opposite Z2 parities.
Therefore, only one can have a zero-mode (the one with
even parity) and the chirality of the 4D theory is restored.
In RS1, the Kaluza-Klein decomposition relates the
five dimensional action to a sum over four-dimensional
particle actions with varying mass. The 5D action for
fermions can be written as
S5D =
∫
d4x
∫ pi
−pi
dφ
√
G
[
i
2
Ψ¯EAa Γ
a∂AΨ
− i
2
(∂AΨ¯)E
A
a Γ
aΨ−Mǫ(φ)Ψ¯Ψ
]
(2)
In this formula, G is the determinant of the metric, EAa is
the inverse vielbein, and Γa is the matrix representation
of the 5D Clifford algebra. The Mǫ(φ) term is a Z2-odd
mass, which we require to be odd to keep the Lagrangian
density even under parity transformations.
A. Fermion Decomposition
The 5D fermion kinetic term in equation 2 is split up
into two parts so the 5D Dirac operator is Hermitian.
In flat, non-compactified spaces, this is identical to the
2standard form of the fermion action, but here we are left
with additional terms in the action that arise from the
integration by parts.
Now, we compare the 5D fermion action to the sum
over 4D fermions∫
d4x
∑
n
ψ¯n [i∂µγ
µ −mn]ψn (3)
We will not go through the KK decomposition proce-
dure explicitly here, since we detail a similar (but signif-
icantly more complicated) procedure later in section III.
For specifics, see ref. [5, 6]. After integrating by parts
and decomposing the fermion into a sum over left and
right 4D-chiral KK modes,
Ψ =
∑
n
[ψnR(x
µ)fnR(φ) + ψ
n
L(x
µ)fnL(φ)] (4)
we find by examining the 5D action that fnL and f
n
R must
have opposite Z2 parity. Comparing the 4D kinetic terms
of equations 2 and 3, we find the following orthonormality
conditions: ∫ pi
−pi
rce
−3σf¯mL f
n
Ldφ = δmn∫ pi
−pi
rce
−3σf¯mR f
n
Rdφ = δmn
Comparing the remaining terms, we find the following
pair of coupled differential equations:
e−σ
rc
∂φfˆ
n
R + e
−σMǫ(φ)fˆnR = mnfˆ
n
L (5)
e−σ
rc
∂φfˆ
n
L − e−σMǫ(φ)fˆnL = −mnfˆnR (6)
where fˆ = e−2σf . The general solution to these dif-
ferential equations can be expressed in terms of Bessel
functions of the first kind. For φ > 0,
fˆnL = e
σ/2
[
AJ 1
2
−M
k
(
eσmn
k
)
+BJ− 1
2
+M
k
(
eσmn
k
)]
fˆnR = e
σ/2
[
CJ− 1
2
−M
k
(
eσmn
k
)
+DJ 1
2
+M
k
(
eσmn
k
)]
These two functions must have opposite Z2 parity, and
picking a parity choice allows us to proceed. The eigen-
values mn are determined by applying homogeneous
Dirichlet boundary conditions to the odd-parity solu-
tion. We apply Neumann boundary conditions to the
even-parity solution. Because of the ǫ(φ) term in the dif-
ferential equations, these boundary conditions must be
non-homogeneous. The constants A, B, C, and D are
determined by a combination of boundary conditions and
normalization.
However, the solution to equations 5 and 6 is much sim-
pler in the mn = 0 case. We see that they uncouple, and
their solutions are (real) exponentials, fnL = e
(2k+M)rc|φ|
and fnR = e
(2k−M)rc|φ|. Both of these functions are even,
so only one of the two can be a physical solution. As-
sume here for the sake of simplicity that this mode is
right-handed. We see that the profile of this zero mode
depends strongly on the magnitude of the 5D mass,M . If
the Higgs boson is localized at the TeV brane, we can con-
trol the value of the fermion-Higgs overlap, proportional
to e(2k−M)rcpi, by varying the value of M . It follows that
the 4D fermion mass can be adjusted over a wide range
of values while varying the fundamental mass M over
less than an order of magnitude, leading to a much more
comfortable hierarchy in fundamental fermion masses.
B. RS1 Limitations
We see that Randall-Sundrum extra dimensions pro-
vide reasonable solutions to both the Planck-weak and
fermion mass hierarchy problems. As it stands, though,
this model predicts no stable, weakly-interacting parti-
cles that could make up the universe’s dark matter. How-
ever, we can generate dark matter candidates with differ-
ent extra-dimensional models. A model known as Uni-
versal Extra Dimensions (UED), which is essentially the
same as RS1 without the warp factor, has a symmetry
that leads to stable Kaluza-Klein modes [3]. Since KK
modes have discrete, well-determined values of momen-
tum along the extra dimension, momentum conservation
causes KK number to be conserved. Note that, since
RS1 does not have translation invariance along the extra
dimension, it cannot have momentum conservation.
Even in UED, though, orbifolding the extra dimension
breaks the translation invariance and therefore the con-
servation of KK number. However, we are left with a
symmetry known as KK parity. This symmetry forbids
the decay of particles of even KK number into particles of
odd KK number, and vice versa. Therefore, the lightest
particle with a KK number of 1 is both heavy and stable!
If this particle is weakly interacting, it could provide an
excellent dark matter candidate.
However, Universal Extra Dimensions fails to provide
a solution to the Planck-weak hierarchy problem. There-
fore, we are motivated to look for models that combine
the positive characteristics of UED and RS1. One possi-
ble way to do so is by forming a product space of warped
and non-warped extra dimensions.
III. EXPANDING BEYOND 5 DIMENSIONS
A six-dimensional model with one warped and one flat
extra dimension seems to be the obvious choice, but mod-
els of this type have one significant problem: it is impos-
sible to write a bulk mass term for a minimal 6D fermion,
which is 6D-chiral and has four components. This is anal-
ogous to the case of a two-component Weyl fermion in
34D. Since a bulk mass term cannot be written, we can-
not generate a fermion mass hierarchy as we did in RS1.
(These types of models are examined in [7]).
It may be possible to start with a non-minimal 6D
fermion with a bulk mass term. Another possible solu-
tion, which we consider here, is to begin with a minimal
fermion in a seven-dimensional model. It turns out, as is
demonstrated in [8], that we can generate a chiral zero-
mode from a seven-dimensional fermion.
At this point, we are faced with another choice. We
can consider models with the warp factor acting on all
the unwarped coordinates, like
ds2 = e−2krc|φ|
[
ηµνdx
µdxν −R2(dθ21 + dθ22)
] − r2cdφ2
We denote this model, which is discussed in [9] and [10],
by AdS7. Alternatively, we can only have the warp factor
act on the four ordinary spacetime dimensions:
ds2 = e−2krc|φ|ηµνdx
µdxν − r2cdφ2 −R2(dθ21 +dθ22) (7)
We denote this model, which is discussed in [8], by
AdS5×T2. It turns out that the first of these two models,
AdS7, runs into problems when both fermions and bosons
propagate in the bulk, since the couplings between their
zero modes are volume-supressed [10]. Therefore, we con-
sider AdS5×T2 in this paper. In addition, we will exam-
ine a variant of this model, with the torus replaced by a
sphere:
ds2 = e−2krc|φ|ηµνdx
µdxν − r2cdφ2−R2(dθ2 +sin2 θdω2)
(8)
We refer to this model as AdS5 × S2.
To generate a chiral zero mode, we orbifold both the
torus and the sphere by a single discrete symmetry.
For the torus, this symmetry takes the point (θ1, θ2) to
(−θ1,−θ2), and for the sphere, it takes the point (θ, ω)
to (π− θ,−ω). For the square torus, this transformation
can be visualized as a rotation by π around the origin.
For the sphere, it can be visualized as a rotation by π
through the x-axis. We denote this symmetry by Z′2 and
the RS1 orbifold symmetry by Z2.
A. 7D Clifford Algebra
The Fermion Kaluza-Klein decomposition in AdS5×T2
has already been examined [8]. Although our method dif-
fers from [8], we will ultimately obtain the same result
but with added conceptual benefits. Before describing
our method and how it differs, though, we will quickly re-
view higher-dimensional Clifford algebras and their rep-
resentations.
In general, Dirac representations of the n-dimensional
Clifford algebra have 2n/2 dimensions if n is even, and
2(n−1)/2 dimensions if n is odd. One way to represent a
general Clifford algebra,
{ΓM ,ΓN} = 2ηMNI
is by taking a tensor product of lower-dimensional alge-
bras. In the case of the 6D Clifford algebra, the repre-
sentation is constructed by
Γµ = γµ ⊗ (−iσ3) , Γ5/6 = I⊗ σ1/2 (9)
As chiral projections will be very useful for the remainder
of the paper, we use the Weyl representation of the 4D
Dirac matrices, which is:
γ0 =
(
0 1
1 0
)
, γi =
(
0 σi
−σi 0
)
, γ5 =
(−1 0
0 1
)
(10)
where the index i runs from 1 to 3. The first component
of each tensor product in eq. 9 represents the ordinary 4D
Clifford algebra, while the second component describes
the Clifford algebra on the internal space. In 2D, the
first two Pauli matrices σ1/2 form a representation of
the Clifford algebra, while the third Pauli matrix σ3 =
−iσ1σ2 acts as a chirality projector, similar to γ5 in 4D.
If we raise the dimension of the internal space to 3, the
third Pauli matrix no longer acts as a chirality projector.
In general, there are no Weyl fermions in odd dimen-
sions. However, σ3 instead becomes the final generator
of the Clifford algebra. An analogous thing happens in
the transition from 6D to 7D regardless of the matrix rep-
resentation we use. What was the 6D chirality projector,
Γ7 = iΓ0Γ1Γ2Γ3Γ5Γ6, becomes the final gamma matrix
in 7D. While we can no longer use the operator 12 (1±iΓ7)
to project onto Weyl fermions in 7D (again, because they
do not exist), we can still project out four of the eight
components, with the ultimate aim of interpreting the
ones that remain as a 4D Dirac spinor.
However, projection via Γ7 is not the only way to gen-
erate a 4-component spinor. We can also project out us-
ing the 4D chirality operator Γ0Γ1Γ2Γ3 or the operator
Γ5Γ6. Calculating in the tensor product representation of
the 7D Clifford algebra, it is easy to see that Γ5Γ6 = I⊗σ3
is the internal space chirality projector — or at least, it
would be if we were working in 6D. Since the internal
space is three-dimensional, this operator doesn’t actually
project onto a chirality of any subspace of AdS5 × T2.
Each of these decompositions can legitimately be rein-
terpreted as a 4D Dirac spinor. First, however, note that
the above representation, while a very useful conceptual
tool, is not actually the one we will be using in this pa-
per. So that we can better compare our results with
those of McDonald [8], we instead use the representation
described in that paper, which is:
Γ0 =
(
0 1
1 0
)
Γi =
(
0 γ0γi
−γ0γi 0
)
Γ5 = i
(
0 γ0γ5
−γ0γ5 0
)
Γ6 =
(
0 γ0
−γ0 0
)
Γ7 = i
(−1 0
0 1
)
(11)
Again, the index i runs from 0 to 3. Note that the change
of representation does not modify any of the physics. In
4particular, it does not change the physical effects of any of
the projectors described above, though the 8-component
spinor does need to be reordered. The ordering corre-
sponding to the representation in eq. 11 is
Ψ = (Ψ−R(U),Ψ−L(D),Ψ+L(U),Ψ+R(D))
T
where the decomposition via the 6D chirality operator
Γ7 is notated Ψ = Ψ+ + Ψ−, the decomposition by the
4D chirality operator Γ0Γ1Γ2Γ3 is notated Ψ = ΨR +
ΨL, and the decomposition by the internal space chirality
operator Γ5Γ6 is notated Ψ = ΨU +ΨD. The projectors
can be explicitly written as
P+/− =
1
2
(1∓ iΓ7)
PR/L =
1
2
(1± iΓ0Γ1Γ2Γ3) (12)
PU/D =
1
2
(1± iΓ5Γ6)
Our Kaluza-Klein decomposition differs from that of Mc-
Donald in that we choose ΨU and ΨD to represent the
four-dimensional Dirac fermions, rather than Ψ+ and
Ψ−. While (as we show) this doesn’t change any of the
physics, it does provide a useful conceptual advantage.
Finally, note first that neither of the two decompositions
actually correspond to a 7D-chiral decomposition, as no
such decomposition exists.
During our Kaluza-Klein decomposition, we will iden-
tify the 8-component fermions ψU and ψD (which have
four nonzero components and four zero components) with
4D Dirac spinors ψ4U and ψ
4
D. At this point, we find
that the adjoint spinors ψ¯U/D=(ψU/D)
†Γ0 and ψ¯
4
U/D =
(ψ4U/D)
†γ0 are also identified, since the action of Γ
0 on
the 8-component spinors is identical to the action of γ0
on the 4-component spinors. Specifically, both Γ0 and γ0
flip ψ−R with ψ+L, and ψ−L with ψ+R.
This is not the case if we decompose the spinors by 6D
chirality +/−. The action of Γ0 is the same, but γ0, act-
ing on the four-component spinors, will instead flip ψ−R
with ψ+R and ψ−L with ψ+L. Working everything out
in terms of projectors, we see that this leads to a certain
awkwardness in the notation, where ψ¯−R is associated
with ψ¯4+R, and so on. Decomposing the spinors by the
internal space chirality avoids this type of confusion and
simplifies calculations.
We still need to show that it is legitimate to asso-
ciate ψU/D with 4-component spinors. Usually, the cri-
terion which allows us to identify a subrepresentation is
given by Schur’s Lemma: the projector onto the subrep-
resentation must commute with the Lorentz generators
Sab = [Γa,Γb]. Since 7D fermions are not reducible, there
will be no projector that satisfies [P, Sab] = 0 for all a
and b. However, it can be shown that all three of the pro-
jectors described in eq. 12 commute with Sµν , where µ
and ν run from 0 to 3. This is all that should be required
in our decomposition, since we want to reinterpret these
as 4D Dirac fermions.
B. Torus
We are now in a position to begin the Kaluza-Klein de-
composition of the 7D fermion on AdS5×T2. We begin by
writing down an explicit four-component representation
of the 4D Dirac fermions, namely ψ4U = (ψ−R, ψ+L)
T and
ψ4D = (ψ−L, ψ+R)
T The 4D Dirac matrices γµ should be
understood to act on these spinors, at least when they
are not being used to define higher-dimensional Clifford
algebras.
We also define the matrices γµ8 = I2⊗γµ, σi8 = I4⊗σi,
and σi4 = I2 ⊗ σi, where In is the n× n identity matrix.
Using the explicit representation of the 7D Clifford al-
gebra, we can obtain the following useful relations:
γ0ψ4+L = ψ
4
−R, γ
0ψ4−R = ψ
4
+L
γ0ψ4−L = ψ
4
+R, γ
0ψ4+R = ψ
4
−L
γiψ4+L = σ
i
4ψ
4
−R, γ
iψ4−R = −σi4ψ4+L
γiψ4−L = −σi4ψ4+R, γiψ4+R = σi4ψ4−L
We indicate this reduction of an 8-component fermion to
a 4-component fermion with an arrow, →. We can now
calculate terms of the following form, which will appear
in the Kaluza-Klein decomposition.
Γ0ψ+R = ψ−L → ψ4−L = γ0ψ4+R
Γ0ψ+L = ψ−R → ψ4−R = γ0ψ4+L
Γ0ψ−R = ψ+L → ψ4+L = γ0ψ4−R
Γ0ψ−L = ψ+R → ψ4+R = γ0ψ4−L (13)
We also have:
Γiψ+R = γ
0
8γ
i
8ψ−L = σ
i
8ψ−L → σi4ψ4−L = γiψ4+R
Γiψ+L = γ
0
8γ
i
8ψ−R = −σi8ψ−R → −σi4ψ4−R = −γiψ4+L
Γiψ−R = −γ08γi8ψ+L = σi8ψ+L → σi4ψ4+L = −γiψ4−R
Γiψ−L = −γ08γi8ψ+R = −σi8ψ+R → −σi4ψ4+R = γiψ4−L
(14)
We can learn even more about terms of the form Γ5/6ψ.
Γ5ψ+R = iγ
0
8γ
5
8ψ−L = iψ−R → iψ4−R
Γ5ψ+L = iγ
0
8γ
5
8ψ−R = −iψ−L → −iψ4−L
Γ5ψ−R = −iγ08γ58ψ+L = iψ+R → iψ4+R
Γ5ψ−L = −iγ08γ58ψ+R = −iψ+L → −iψ4+L (15)
and
Γ6ψ+R = γ
0
8ψ−L = ψ−R → ψ4−R
Γ6ψ+L = γ
0
8ψ−R = ψ−L → ψ4−L
Γ6ψ−R = −γ08ψ+L = −ψ+R → −ψ4+R
Γ6ψ−L = −γ08ψ+R = −ψ+L → −ψ4+L (16)
Finally, note that Γ7ψ−R/L = −iψ−R/L and Γ7ψ+R/L =
iψ+R/L.
5We are now in a position to begin the Kaluza-
Klein decomposition for AdS5/Z2 × T2/Z′2. The seven-
dimensional fermion action is:
S7D =
∫
d4x
∫
dφ
∫
dθ1dθ2
√
G
[
i
2
Ψ¯EAa Γ
a∂AΨ
− i
2
(∂AΨ¯)E
A
a Γ
aΨ−M7ǫ(φ)Ψ¯Ψ
]
(17)
where
√
G = e−4σrcR
2 and
EAa = diag
(
eσ, eσ, eσ, eσ,
1
rc
,
1
R
,
1
R
)
Then, the action becomes
S7D =
∫
d7x
[
e−3σrcR
2 i
2
Ψ¯Γµ∂µΨ
− e−3σrcR2 i
2
(∂µΨ¯)Γ
µΨ+ e−4σR2
i
2
Ψ¯Γ7∂7Ψ
− e−4σR2 i
2
(∂7Ψ¯)Γ
7Ψ + e−4σrcR
i
2
Ψ¯Γb∂bΨ−
e−4σrcR
i
2
(∂bΨ¯)Γ
bΨ− e−4σrcR2M7ǫ(φ)Ψ¯Ψ
]
(18)
where the index b runs over 5 and 6. Integrating by
parts to remove the derivatives from the adjoint spinors,
we find
S7D =
∫
d7x
[
e−3σrcR
2iΨ¯Γµ∂µΨ
+ e−4σR2iΨ¯Γ7∂7Ψ− 2krcǫ(φ)e−4σR2iΨ¯Γ7Ψ
+ e−4σrcRiΨ¯Γ
b∂bΨ− e−4σrcR2M7ǫ(φ)Ψ¯Ψ
]
(19)
At this point, we need to decompose the 7D fermion into
Kaluza-Klein modes. The decomposition is
Ψ =
∑
m,p1,p2
ψm,p−R f
m,p
−R g
p
−R + ψ
m,p
−L f
m,p
−L g
p
−L
+ ψm,p+L f
m,p
+L g
p
+L + ψ
m,p
+R f
m,p
+R g
p
+R (20)
where p stands for p1 and p2, ψ is a spinor function de-
pending only on xµ, f is a scalar function depending only
on φ (the Randall-Sundrum warped dimension), and g is
a scalar function depending only on θ1 and θ2 (the two
dimensions compactified on the torus).
We first simplify the ∂µ terms. We can reduce
these terms to four-component spinors using the gamma-
matrix identities we derived earlier. Then, we cancel
three-fourths of the resulting terms by using the fact
that 4D gamma matrices flip both chiralities. Carry-
ing out this calculation, we find that Ψ¯Γµ∂µΨ reduces to
4-component spinors as
Ψ¯Γµ∂µΨ→
(∑
m,p
ψ¯+Rf¯+Rg¯+R
)
∂0
(∑
n,q
ψ−Lf+Rg+R
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)
∂0
(∑
n,q
ψ−Rf+Lg+L
)
+
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)
∂0
(∑
n,q
ψ+Lf−Rg−R
)
+
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)
∂0
(∑
n,q
ψ+Rf−Lg−L
)
+
(∑
m,p
ψ¯+Rf¯+Rg¯+R
)
σi4∂i
(∑
n,q
ψ−Lf+Rg+R
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)
σi4∂i
(∑
n,q
ψ−Rf+Lg+L
)
−
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)
σi4∂i
(∑
n,q
ψ+Lf−Rg−R
)
−
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)
σi4∂i
(∑
n,q
ψ+Rf−Lg−L
)
(21)
(Here, and for the remainder of the paper, we suppress
the superscript-four notation that indicates a reduction
to 4-component fermions.)
However, if we expand out the four-component spinors
Ψ¯Uγ
µ∂µΨU+Ψ¯Dγ
µ∂µΨD in the same manner, the result
is exactly the same! Therefore, we can use this expression
to replace Ψ¯Γµ∂µΨ in the action.
Making significant use of the gamma matrix identities
(eqs. 13–16) and eliminating terms where possible, the
7D action, eq. 19, can now be reduced from 8-component
to 4-component spinors. The result is:
S7D =
∫
d7x
(
e−3σrcR
2i
[
Ψ¯Uγ
µ∂µΨU + Ψ¯Dγ
µ∂µΨD
]
+ e−4σR2×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)
∂7
(∑
n,q
ψ−Lf−Lg−L
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)
∂7
(∑
n,q
ψ−Rf−Rg−R
)
−
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)
∂7
(∑
n,q
ψ+Lf+Lg+L
)
−
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)
∂7
(∑
n,q
ψ+Rf+Rg+R
)]
− 2krcǫ(φ)e−4σR2×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)(∑
n,q
ψ−Lf−Lg−L
)
6+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)(∑
n,q
ψ−Rf−Rg−R
)
−
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)(∑
n,q
ψ+Lf+Lg+L
)
−
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)(∑
n,q
ψ+Rf+Rg+R
)]
+ e−4σrcR×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)
(∂5 + i∂6)
(∑
n,q
ψ−Lf+Lg+L
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)
(−∂5 + i∂6)
(∑
n,q
ψ−Rf+Rg+R
)
+
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)
(∂5 − i∂6)
(∑
n,q
ψ+Lf−Lg−L
)
+
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)
(−∂5 − i∂6)
(∑
n,q
ψ+Rf−Rg−R
)]
− e−4σrcR2M7ǫ(φ)×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)(∑
n,q
ψ−Lf−Lg−L
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)(∑
n,q
ψ−Rf−Rg−R
)
+
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)(∑
n,q
ψ+Lf+Lg+L
)
+
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)(∑
n,q
ψ+Rf+Rg+R
)])
(22)
We can now use the fact that each term in this action
must be even under Z2 and Z
′
2 parity transformations to
determine the parities of the different spinor components.
We begin with Z2 parity. The ∂µ terms tell us nothing,
since the only surviving terms will look like f¯+Lf+L, and
these terms are always even. From the ∂4 terms, we see
that f+R and f−L must have opposite parity, and f−R
and f+L must have opposite parity. This follows from the
fact that ∂4 is Z2-odd. Meanwhile, the ∂5 and ∂6 terms
tell us that f+R and f+L have the same parity, and that
f−R and f−L have the same parity. The remaining terms
agree with these conclusions.
Now, we examine everything under Z′2 parity. From
the ∂4 terms, we learn that g+R and g−L have the same
parity, and that g+L and g−R have the same parity. From
the ∂5 and ∂6 terms, we learn that g+R and g+L have
opposite parity, and that g−R and g−L have opposite
parity. As before, the remaining terms agree.
A parity choice that agrees with all these specifications
is:
Ψ =


Ψ−R : (−,+)
Ψ−L : (−,−)
Ψ+L : (+,+)
Ψ+R : (+,−)

 (23)
We can now begin the Kaluza-Klein decomposition
proper. We compare the above action to the RS1 fermion
action (eq. 2) which, through a similar but much simpler
procedure, can be written as:
S5D =
∫
d5x
(
e−3σrci
[∑
m
∑
n
f¯mA ψ¯
m
A γ
µ∂µf
n
Aψ
n
A
+
∑
m
∑
n
f¯mB ψ¯
m
B γ
µ∂µf
n
Bψ
n
B
]
−e−4σ
[∑
m
∑
n
f¯mA ψ¯
m
A ∂7f
n
Bψ
n
B
−
∑
m
∑
n
f¯mB ψ¯
m
B ∂7f
n
Aψ
n
A
]
+ 2krcǫ(φ)e
−4σ
[∑
m
∑
n
f¯mA ψ¯
m
A f
n
Bψ
n
B−
∑
m
∑
n
f¯mB ψ¯
m
B f
n
Aψ
n
A
]
−Mrcǫ(φ)e−4σ
[∑
m
∑
n
f¯mA ψ¯
m
A f
n
Bψ
n
B +
∑
m
∑
n
f¯mB ψ¯
m
B f
n
Aψ
n
A
])
(24)
where A and B are two chiralities. Note that we will
need two copies of this formula (and a double sum over
KK modes) to fully represent our reduced 7D fermion.
Comparing 4D kinetic terms, we obtain the normaliza-
tion condition:∫ pi
−pi
∫ pi
−pi
g¯p1,p2+L , g
q1,q2
+L dθ1dθ2 = δp1q1δp2q2
and identical formulas for the other chiralities. Compar-
ing the next two terms in each formula yields g−L = g+R
and g−R = g+L. Finally, requiring the ∂5 and ∂6 terms
in the 7D action to integrate to yield a 5D mass term
produces the differential equations
(∂5 − i∂6)gp1,p2−L =Mp1,p2gp1,p2−R (25)
(∂5 + i∂6)g
p1,p2
−R =−Mp1,p2gp1,p2−L (26)
We now define
ξp1,p2A =
∑
m
ψm,p1,p2A f
m,p1,p2
A
where A is an arbitrary chirality. Finally the 7D action,
eq. 22, reduces to five dimensions:
S5D =
∫
d5x
(
e−3σrci
∑
p1,p2
[
ξ¯Uγ
µ∂µξU + ξ¯Dγ
µ∂µξD
]
− e−4σ
∑
p1,p2
[
ξ¯−R∂7ξ+L − ξ¯+L∂7ξ−R + ξ¯−L∂7ξ+R
− ξ¯+R∂7ξ−L
]
+ 2krcǫ(φ)e
−4σ
∑
p1,p2
[
ξ¯−Rξ+L − ξ¯+Lξ−R
7+ ξ¯−Lξ+R − ξ¯+Rξ−L
]
+ e−4σ
rc
R
∑
p1,p2
[
Mp1,p2
∑
m
∑
n(
ψ¯−Rf¯−Rf−Lψ+L − ψ¯+Lf¯+Lf+Rψ−R + ψ¯−Lf¯−Lf−Rψ+R
− ψ¯+Rf¯+Rf+Lψ−L
)]− e−4σrcM7ǫ(φ) ∑
p1,p2
[
ξ¯−Rξ+L
+ ξ¯+Lξ−R + ξ¯−Lξ+R + ξ¯+Rξ−L
])
(27)
Before reducing our 5D action to four dimensions, let’s
solve the coupled differential equations in eqs. 25 and 26.
The eigenvalues areMp1,p2 =
√
p21 + p
2
2. The even-parity
solutions are
g−R = g+L ∝ cos(p1θ1 + p2θ2)
and the odd-parity solutions are
g−L = g+R ∝ p1 + ip2√
p21 + p
2
2
sin(p1θ1 + p2θ2)
The factor in the odd-parity solutions ensures that the
two proportionality constants for these solutions are
equal.
Continuing with the KK reduction, we compare eq. 27
to two copies of the following triple sum over 4D fermion
actions:
S4D =
∫
d4x
∑
m
∑
p1,p2
(
iψ¯Aγ
µ∂µψA + iψ¯Bγ
µ∂µψB
−mψ¯AψB −mψ¯BψA
)
(28)
Comparing just the kinetic terms, we find the following
normalization condition:∫ pi
−pi
e−3σrcf¯
m
+Lf
n
+Ldφ = δmn
and identical formulas for the other chiralities. Requiring
that the remaining terms in the 5D action take the form
of 4D mass terms after integration yields a set of four
coupled differential equations:
−e−σ
rc
∂7f+L + 2kǫ(φ)e
−σf+L +
e−σ
R
Mp1,p2f−L
− e−σM7ǫ(φ)f+L = −mf−R
e−σ
rc
∂7f−R − 2kǫ(φ)e−σf−R − e
−σ
R
Mp1,p2f+R
− e−σM7ǫ(φ)f−R = −mf+L
−e−σ
rc
∂7f+R + 2kǫ(φ)e
−σf+R +
e−σ
R
Mp1,p2f−R
− e−σM7ǫ(φ)f+R = −mf−L
e−σ
rc
∂7f−L − 2kǫ(φ)e−σf−L − e
−σ
R
Mp1,p2f+L
− e−σM7ǫ(φ)f−L = −mf+R (29)
We can further simplify these equations with the substi-
tution fˆ = e−2σf , giving the following:
−e−σ
rc
∂7fˆ+L+
e−σ
R
Mp1,p2 fˆ−L−e−σM7ǫ(φ)fˆ+L = −mfˆ−R
e−σ
rc
∂7fˆ−R− e
−σ
R
Mp1,p2 fˆ+R− e−σM7ǫ(φ)fˆ−R = −mfˆ+L
−e−σ
rc
∂7fˆ+R+
e−σ
R
Mp1,p2 fˆ−R−e−σM7ǫ(φ)fˆ+R = −mfˆ−L
e−σ
rc
∂7fˆ−L−e
−σ
R
Mp1,p2 fˆ+L−e−σM7ǫ(φ)fˆ−L = −mfˆ+R
(30)
As in the RS1 case, these equations are solved on [0, π) by
applying homogeneous Dirichlet boundary conditions for
the odd modes and nonhomogeneous Neumann boundary
conditions for the even modes. The former determines
the eigenvalues. Similiar to [8], we obtain a chiral zero-
mode, which, for our parity choice, is Ψ+L.
C. Sphere
We now move on to AdS5/Z2×S2/Z′2. There are many
similarities between the sphere and the torus, with a few
important differences. The 7D fermion action has the
same initial form as above (eq. 17). However,
√
G = e−4σrcR
2 sin θ
and
EAa = diag
(
eσ, eσ, eσ, eσ,
1
rc
,
1
R
,
1
R sin θ
)
Plugging these terms in, the 7D action becomes:
S7D =
∫
d7x
[
i
2
e−3σrcR
2 sin θ
(
Ψ¯Γµ∂µΨ−
(
∂µΨ¯
)
ΓµΨ
)
+
i
2
e−4σR2 sin θ
(
Ψ¯Γ7∂7Ψ−
(
∂7Ψ¯
)
Γ7Ψ
)
+
i
2
e−4σrcR sin θ
(
Ψ¯Γ5∂5Ψ−
(
∂5Ψ¯
)
Γ5Ψ
)
+
i
2
e−4σrcR
(
Ψ¯Γ6∂6Ψ−
(
∂6Ψ¯
)
Γ6Ψ
)
− e−4σrcR2 sin θM7ǫ(φ)Ψ¯Ψ
]
(31)
After integration by parts, the action becomes
S7D =
∫
d7x
[
ie−3σrcR
2 sin θΨ¯Γµ∂µΨ
+ i e−4σR2 sin θΨ¯Γ7∂7Ψ− 2i krcǫ(φ)e−4σR2 sin θΨ¯Γ7Ψ
+ i e−4σrcR sin θΨ¯Γ
5∂5Ψ+
i
2
e−4σrcR cos θΨ¯Γ
5Ψ
+ i e−4σrcRΨ¯Γ
6∂6Ψ− e−4σrcR2 sin θM7ǫ(φ)Ψ¯Ψ
]
(32)
8Using the machinery we developed for the torus, we can
now apply the Kaluza-Klein decomposition and reduce
the action to four-component spinors. The result is the
following:
S7D =
∫
d7x
(
i e−3σrcR
2 sin θ
[
Ψ¯Uγ
µ∂µΨU + Ψ¯Dγ
µ∂µΨD
]
+ e−4σR2 sin θ×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)
∂7
(∑
n,q
ψ−Lf−Lg−L
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)
∂7
(∑
n,q
ψ−Rf−Rg−R
)
−
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)
∂7
(∑
n,q
ψ+Lf+Lg+L
)
−
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)
∂7
(∑
n,q
ψ+Rf+Rg+R
)]
− 2krcǫ(φ)e−4σR2 sin θ×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)(∑
n,q
ψ−Lf−Lg−L
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)(∑
n,q
ψ−Rf−Rg−R
)
−
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)(∑
n,q
ψ+Lf+Lg+L
)
−
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)(∑
n,q
ψ+Rf+Rg+R
)]
+ e−4σrcR sin θ×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)
∂5
(∑
n,q
ψ−Lf+Lg+L
)
−
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)
∂5
(∑
n,q
ψ−Rf+Rg+R
)
+
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)
∂5
(∑
n,q
ψ+Lf−Lg−L
)
−
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)
∂5
(∑
n,q
ψ+Rf−Rg−R
)]
+
1
2
e−4σrcR cos θ×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)(∑
n,q
ψ−Lf+Lg+L
)
−
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)(∑
n,q
ψ−Rf+Rg+R
)
+
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)(∑
n,q
ψ+Lf−Lg−L
)
−
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)(∑
n,q
ψ+Rf−Rg−R
)]
+ i e−4σrcR×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)
∂6
(∑
n,q
ψ−Lf+Lg+L
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)
∂6
(∑
n,q
ψ−Rf+Rg+R
)
−
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)
∂6
(∑
n,q
ψ+Lf−Lg−L
)
−
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)
∂6
(∑
n,q
ψ+Rf−Rg−R
)]
− e−4σrcR2 sin θM7ǫ(φ)×[(∑
m,p
ψ¯+Rf¯+Rg¯+R
)(∑
n,q
ψ−Lf−Lg−L
)
+
(∑
m,p
ψ¯+Lf¯+Lg¯+L
)(∑
n,q
ψ−Rf−Rg−R
)
+
(∑
m,p
ψ¯−Rf¯−Rg¯−R
)(∑
n,q
ψ+Lf+Lg+L
)
+
(∑
m,p
ψ¯−Lf¯−Lg¯−L
)(∑
n,q
ψ+Rf+Rg+R
)])
(33)
Note that, in this formula, ∂5, ∂6, and cos θ are odd under
Z
′
2 parity, and sin θ is even. We can check by similar
arguments as before that the same parity choices (eq. 23)
are consistent with this formula.
Comparing this to the RS1 fermion action (eq. 24)
yields the following normalization condition:∫ pi
0
∫ pi
−pi
R2 sin θg¯p1,p2+L g
q1,q2
+L dωdθ = δp1q1δp2q2
As before, comparing the RS1 kinetic terms gives us
g−L = g+R and g−R = g+L. Comparing the RS1 mass
term to the ∂5 and ∂6 kinetic terms, we find the following
pair of coupled differential equations:
(∂5 +
1
2
cot θ − i csc θ∂6)gp1,p2−L =Mp1,p2gp1,p2−R (34)
(∂5 +
1
2
cot θ + i csc θ∂6)g
p1,p2
−R =−Mp1,p2gp1,p2−L (35)
After applying all these conditions, the 7D action re-
duces to 5D exactly as before (eq. 27), and the 5D to 4D
KK-reduction is identical. However, there is one crucial
difference between these two cases. The solution to the
above pair of differential equations, which is detailed in
9Abrikosov [11], can be expressed in terms of Jacobi poly-
nomials. Unlike the differential equations on the torus,
these equations cannot have eigenvalue zero. This lack of
fermion zero-modes is a special case of a general result for
manifolds of positive curvature. To ensure the presence
of a massless zero mode, we cannot allow our fermion to
propagate in the spherical extra dimensions without the
addition of some extra structure.
IV. CONCLUSIONS
In this paper, we have successfully replicated the
results of McDonald [8] for fermions on the space
AdS5/Z2 × T2/Z′2. This model allows a chiral fermion
zero mode, includes a dark matter candidate, and in-
corporates the RS1 approach to the Planck-weak and
fermion mass hierarchy problems. However, our de-
composition of the 8-component fermion into two 4-
component fermions is different from the method de-
scribed in McDonald, and has several conceptual ben-
efits.
In addition, we found that the compactification
AdS5/Z2 × S2/Z′2 is not viable phenomenologically un-
less some additional structure is specified. In particular,
we can confine the fermions to ‘points’ of codimension
two, as is detailed (for the case of M4 × S2) in [12]. Al-
ternatively, a new U(1) gauge group can be introduced,
cancelling the effects of the positive curvature in the 7D
action and allowing a fermion zero-mode [13] (again, this
paper deals with M4 × S2). Future research is neces-
sary to show that these problems are still resolved in the
seven-dimensional case. In addition, models with two flat
extra dimensions have a number of desirable features, in-
cluding an anomaly-cancellation constraint on the num-
ber of generations of fermions [14] and an explanation for
the long proton lifetime [15]. It is possible that these fea-
tures also extend to the models examined in this paper.
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